Measurements of the position of a relativistic particle is considered in the framework of the Restricted-Path-Integral (RPI) approach. The amplitude describing such a measurement is shown to be exponentially small outside the light cone of the space-time point corresponding to the measurement output, in a qualitative agreement with the Hellwig and Kraus' postulate of relativistic state reduction. Theory of the measurement including the probability distribution for different measurement outputs is suggested. It is shown that correct theory does not exist (for arbitrary initial states) if the error ∆a of the measurement is less than the Compton length λ C =h/mc. The physical reason is that the picture of measurement is destroyed in this case by pair creation.
Introduction
In nonrelativistic quantum mechanics, measurements are described by the von Neumann's postulate of the state reduction (wave function collapse). In relativistic theory this is impossible since an instantaneous state reduction contradicts to causality and therefore must be modified. This problem has been considered by many authors (see for example [1] - [4] , but consensus was not achieved. We shall consider the measurement of the position of a relativistic particle with the help of the Restricted-Path-Integral (RPI) approach to continuous quantum measurements [5, 6] . The results will be shown to be in a qualitative agreement with the Hellwig and Kraus' postulate [1] according to which the state reduction occurs in the light cone of the of the measurement event.
Restricted-Path-Integral (RPI) approach has been proposed by R.Feynman [7] for description of continuous (prolonged in time) measurements and technically elaborated in [5, 6] (see also [8] ). The idea of the approach is that evolution of the system undergoing a continuous measurement must be described by the path integral restricted on the set of paths compatible with the measurement output.
The approach proved to be effective for different types of measurements of non-relativistic systems as well as for measurements of relativistic quantum fields (electromagnetic and gravitational, see [6, 9] ). Its advantage is in model-independence and generality. In the present paper the RPI approach will be applied to the problem of measurement of position of a relativistic particle.
Let the position of a relativistic particle be measured at a specified time moment and the measurement output correspond to the point (event) a belonging to the corresponding time slice. Then the paths [x] compatible with the output a are those crossing this point, a ∈ [x]. Therefore, only these paths contribute the evolution of a particle subject to the measurement.
The problem is therefore reduced to calculating relativistic path integrals over the sets of paths crossing the given space-time point. Technical difficulties of this calculation will be overcome due to the specific properties of the causal propagator (the path integral over all paths).
Relativistic Path Integrals
The causal propagator (transition amplitude) for a relativistic particle can be expressed in the form of a path integral if one introduces, following Stueckelberg [10] , the fifth parameter (besides four spacetime coordinates) τ called proper time or historical time.
Consider for simplicity a scalar particle of the mass m. Its causal propagator is equal to the integral over the proper time, 1
of a subsidiary proper-time-dependent propagator. The latter, in turn, may be given the form of a path integral:
Here (, ) denote the Lorentzian inner product and the usual definition of the measure is taken (see for example [6] for elementary definitions from theory of path integrals). As a result of these definitions, the subsidiary proper-time-dependent propagator satisfies the relativistic Schrödinger-type equation
and the causal propagator K τ (x ′′ − x ′ ) is a Green function of the Klein-Gordon equation. For the analysis of continuous measurements of a relativistic particle in the framework of the Restricted-Path-Integral (RPI) approach we have to deal with the path integrals of the type of Eqs. (1), (2) but restricted on the sets of paths compatible with the corresponding measurement outputs.
The Measurement Amplitude
We shall consider measurement of the particle position at time moment x 0 = ct. First the overidealized situation of an absolutely precise measurement will be analyzed. A finite measurement error will be taken into account later on (Sect. 5).
If the position of the particle is precisely measured at time t, then the measurement outputs may be described as three-vectors a or as points a = (ct, a) of the time slice t = const of the space-time, i.e. points of the space-like surface S = {x|x 0 = ct}.
If we know that the measurement of the position (at time t) has given the result a, then we know that the world line (trajectory) of the particle crossed the surface S in the point a. Therefore, instead of the integral over all paths, evolution of the particle must be described by the integral over the set I a of paths crossing S in the point a.
The set of paths I a is a "corridor" describing adequately the measurement output. In the Restricted-Path-Integral method restricting of the path integral (1), (2) onto this corridor will give an amplitude of transition under the measurement, or the measurement amplitude:
This restricted path integral is evidently connected in some way with the product of two unrestricted integrals of the type of Eqs. (1), (2), one integral from the point x ′ to the point a, the other from a to x ′′ :
The precise definition of this product is to be found. To find the correct definition for the product (5), we shall require that the set of the amplitudes (5) be complete. This means that summation of the amplitudes corresponding to all possible values of a should give the amplitude describing the evolution without measurement:
This relation, with the expression (5) in the integrand, resembles the known Kolmogorov-type property of the propagator,
where x ′′0 > ct > x ′0 and it is denoted
Therefore, the completeness of the measurement amplitudes will be provided if we define the product (5) as follows: 2
We found the amplitude (8) requiring that summation of such amplitudes with different a gives the propagator of a free particle (without any measurement). This requirement is natural in the framework of the theory of free particles because of the superposition principle. After this, when the form of the amplitude (8) is found, we go over from theory of a free particle to theory of a measured particle, where the role of these amplitudes will be quite different because the superposition principle does not take place.
In quantum theory of measurements the superposition principle is restricted: the amplitudes corresponding to different measurement outputs may not be added. In our case, when the precise measurement of the position is under consideration, the amplitudes (8) with different a correspond to different measurement outputs. Therefore, each of them must be used separately, and their summation has no sense. Amplitudes K (a) (x ′′ , x ′ ) with different a = (ct, a) are incoherent. 3 The amplitudes (8) are derived for a particle which is in the spacetime point x ′ before the measurement and in the point x ′′ after it. The realistic situation corresponds usually to the initial and final states given by the wave functions at the corresponding time moments t ′ , t ′′ . The measurement amplitudes are then
(9) where the bar denotes a complex conjugate.
Properties of the Amplitude
So far we talked about the amplitude (8) in such a way as if it described measurement of the position with absolute precision. In other words, the measurement described by this amplitude was supposed to consist in localizing the particle in a single point a = (ct, a) on the surface S. We shall see later (Sect. 6) that the only measurements which may be described correctly are those with a finite (and not too small) error. The amplitude (8) cannot be correctly interpreted. Nevertheless, it is important to investigate the properties of this amplitude. The properties of the finite-error amplitudes will follow then straightforwardly leading to physical conclusions.
For simplicity, we shall use physical terms in the analysis of the amplitude (8) as if it could be interpreted physically. In fact, the present section is devoted to investigation of mathematical properties of the subsidiary amplitude while physical interpretation is possible only for finite-error amplitudes of Sect. 5.
Consider therefore the amplitudes (8) and (9) as those describing evolution of the particle undergoing the position measurement. Then they are transition amplitudes from the point x ′ to the point x ′′ (correspondingly from the state ψ ′ to the state ψ ′′ ) under the condition that the measurement carried out at time t gave the output a. The amplitudes allow one to evaluate the probability that the particle achieves a certain state given an initial state and a measurement output.
Instead of this, one may interpret the same amplitudes (8), (9) as the probability amplitudes for different measurement outputs a, given the initial and final states (x ′ and x ′′ or ψ ′ and ψ ′′ ). Relative probabilities of different measurement outputs may be estimated as square modula of the amplitudes. A mathematically rigorous definition of probabilities must include the generalized unitarity condition (see Sect. 6). Some conclusions however may be made without this.
The first conclusion may be made directly from the form of the amplitude (8) . The causal propagator K(x ′′ , x ′ ) is exponentially small if the interval x ′′ −x ′ is outside the light cone. Therefore, the amplitude (8) is small if the point x ′ is outside the past light cone of the point a or/and x ′′ is outside the future light cone of a.
This property is in the qualitative agreement with the postulate of Hellwig and Kraus [1] that reduction of the wave function of a relativistic system (for example a field) occurs not at the moment of the measurement but in the light cone of the space-time region where the measurement takes place (see also [2] for a critical discussion of this postulate). Now we can derive the corresponding feature of the measurement rather than postulate it.
The conclusion following from the mentioned property of the amplitude (8) may be formulated as follows:
• The probability for the measurement to give the output a is exponentially small if a is not in the future light cone of the support of the initial wave function ψ ′ .
• The probability that the particle will be found in the state ψ ′′ after the measurement resulting in the output a, is exponentially small if a is not in the past light cone of the support of ψ ′′ .
In the above statements, 'exponentially small' means decreasing in e times at distance of the order of the Compton length from the boundary of the light cone.
The fact that the propagator does not abruptly disappear but rather exponentially decreases outside the light cone seems to contradict to causality, because the particle may seemingly be discovered in the point that it cannot achieve by causal evolution. However there is actually no contradiction. If one try to demonstrate experimentally (even by a thought experiment) this violation, one may see that such a demonstration is impossible because of the uncertainty relation.
One more thing guaranteed by the same property of the propagator (its exponential decreasing but not abrupt disappearing outside the light cone) is that dependence of the amplitude (8) or (9) from the position a is smoothed on scales of the order of the Compton length. Therefore, probabilities of two measurement outputs a 1 and a 2 are close if these outputs differ by the value of the order of Compton length or less. Though we discuss the precise measurement of position, the information (about the initial state) given by this measurement cannot be more precise than up to the Compton length. In the limits of the Compton length, the measurement output may be arbitrary.
In a sense, the preceding argument means that the precise measurement is impossible, the measurement error cannot be less than the Compton length. In fact, we shall show below (Sect. 6) that the correct theory of the measurement including a probability distribution exists for arbitrary initial and final states only if the measurement is performed with the error larger than the Compton length.
Measurement with a Finite Error
Consider now a measurement with a finite precision. Let the measurement error be ∆a. Then the measurement output a gives the information that the actual position of the particle x differs from a not more than by the value ∆a:
Such a measurement must be described by the amplitude
This interpretation of the measurement information corresponds to a specific property of the measuring device. The information is of this type if the device has a rectangular characteristic, equal to unity in the region (10) and zero otherwise.
In real situations measuring devices have smooth characteristics, and the information supplied by the measurement is less definite. If the measurement gives the output a, this means that an actual position of the particle with high probability is very close to a, with less probability is somewhat further, and it is quite improbable that it differs from a much more than by ∆a. The amplitude describing such a measurement has the form
with the weight function ρ ≥ 0 concentrated in the region, of the dimension ∆a, around zero. Again, just as in the case of the precise measurement, we should use the amplitudes (11) as incoherent ones. Each of them describes evolution for a certain output of measurement. Relative probabilities of different outputs may be roughly estimated by the square modula of the corresponding amplitudes. Mathematically rigorous concept of probabilities will be discussed in Sect. 6.
The analysis of Sect. 4 may be repeated with an evident change for the finite-error measurements. Now we should speak of the light cone of the region (10) around the point a rather than the light cone of a single point a.
Generalized Unitarity
In the RPI approach to quantum continuous measurements [6] evolution of the system undergoing the measurement is described by a set of propagators U α depending on measurement outputs α:
This is the evolution law for the selective measurement when the measurement output is known. If it is unknown (non-selective measurement), then the density matrix after the evolution is a sum of the density matrices corresponding to all possible outputs:
Probability for the measurement output to belong to the set A is equal to Prob (α ∈ A) = α∈A Tr ρ α .
Conservation of probabilities (normalization of ρ ′ ) is provided by the generalized unitarity
In the case of continuous set of the measurement outputs (typical for a continuous measurement) it is more correct to speak about integration rather than summation over different outputs. Particularly, the last formulas should be rewritten as follows:
The measure on the set of all outputs has to be chosen in such a way as to provide the validity of the generalized unitarity (15). We should now introduce the corresponding concepts (probability and generalized unitarity) in our case.
The causal propagator (1) describes the evolution of a (positivefrequency) state of a free particle:
where S ′ = {x ′ |x ′0 = const}. In the course of this evolution the inner product
is conserved (here S = {x|x 0 = const}). The evolution described by the propagator K(x ′′ , x ′ ) is therefore unitary in the following sense:
Eq. (18) represents unitarity of the theory (conservation of probabilities) in an unusual way since there are positive-and negativefrequency wave functions in relativistic theory but we are interested only in positive-frequency states of the particle. The meaning of Eq. (18) is following. Acting by the propagator K(x, x ′′ ) which is conjugate for K(x, x ′′ ) we describe propagation in an opposite direction, from the first argument of the propagator to the second one. Therefore, the action of K(x, x ′ ) followed by the action of K(x, x ′′ ) gives the same result as the action of K(x ′′ , x ′ ).
If the arguments x ′ and x ′′ belong to the same time slice, then the action of the propagator K(x, x ′′ ) (according to the formula (16)) does not change the wave function. This brings us close to the usual form of unitarity. We may suppose for simplicity that x 0 > x ′′0 > x ′0 . Then positive-frequency part of the causal propagator may be used instead of the complete propagator. The last two times x ′′0 and x ′0 may be arbitrarily close to each other.
Unitarity (18) of the causal propagator may be shown to lead to the generalized unitarity of the measurement amplitudes,
if the error of the measurement (dimension of the region where the function ρ(|b−a|) is close to the maximum) is larger than the Compton length λ C =h/mc. More precisely, the condition for the generalized unitarity may be formulated in terms of the Fourier expansion of the following function:
The generalized unitarity takes place if
for all l in the region where the function Q(l) is not negligible. Besides this, the following normalization condition should be fulfilled:
The equality (19) is a concrete form of the general relation (15) in the coordinate representation and with d 3 a standing instead of dµ(α).
The probability for the measurement output a to belong to the set A ⊂ S is expressed by the integral The generalized unitarity (19) expresses conservation of probabilities in the course of the evolution of the system undergoing the position measurement.
The generalized unitarity does not take place if the measurement of position is more precise than up to the Compton length. The reason of this is evident. Localization of the particle in the region of the dimension less than the Compton length requires larger energy than the threshold of the pair creation. In this case interaction of the particle with the localizing device has a quite different character and cannot be described as a measurement of position.
However, if we expand the relation (19) in the Fourier integral, we shall see that only low-momentum components of this relation (with |p| <h/∆a) are violated. Therefore, the description of the measurement is correct for high-momentum states (with |p| ≫h/∆a).
Conclusion
We showed that the measurement of the position of a relativistic particle can be correctly described in the framework of the method of restricted path integrals. The results obtained are in accordance with a more formal (not dynamical) consideration of the measurements of this type (see [1] for the first attempt and [4] and references therein for the recent papers).
It is interesting to apply the same method to other types of measurements in relativistic systems, for example to measurement of fields or to non-local measurements of different types. This will be done in a separate paper.
